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Abstract
We have examined theoretically the phenomenon of
Electromagnetically Induced Transparency (EIT)
in a three–level system operating in the Λ–
configuration in the presence of an externally in-
jected noise coupling the ground level to the in-
termediate (metastable) level. The changes in the
depth and the width of the induced transparency
and the slowing down of the probe light have
been calculated as function of the probe detun-
ing and the strength of the injected noise. The
calculations are within the rotating-wave approx-
imation (RWA). Our main results are the reduc-
tion and the broadening of the EIT with increas-
ing strength of the injected noise, and a reduc-
tion in the slowing down of group velocity of the
probe-laser beam. Thus, the injected semi-classical
noise, unlike the quantum-dynamical noise associ-
ated with the spontaneous emission, is not effec-
tively cancelled by the EIT mechanism.
Keywords
EIT, group velocity, Lindblad, Novikov’s theorem,
gaussian white noise.
Introduction
Electromagnetically Induced Transparency (EIT)
is a coherent quantum optical phenomenon in
which the absorption of a weak probe beam of
light vanishes, opening thereby a window of trans-
parency narrower than the natural linewidth in
the center of the otherwise much broader reso-
nance absorption peak[1,2]. This transparency is
∗For correspondence : ranjithv AT rri.res.in
due to the destructive quantum interference of the
transition amplitudes along the allowed alternative
paths, much as in the case of the well-known Fano
resonance/anti-resonance[3,4]. This phenomenon
is known to give rise to several other interest-
ing effects[1,2,5], e.g., the slow light. Remarkably,
this interference effectively cancels the spontaneous
down-transitions (quantum noise[6]) as well, giving
a sub-natural linewidth as noted above. In con-
trast to this, as the present work shows, the EIT is
indeed affected/degraded by injecting a ’classical’
noise into one of the alternative paths.
The purpose of this work is to analyze theoret-
ically the nature and the magnitude of the effect
of the injected noise on the depth and the width
of the transparency (EIT), as well as the associ-
ated change in the group velocity of the probe light
as function of the strength of noise and the probe
detuning. The calculations have been done us-
ing the density-matrix formalism wherein the var-
ious natural linewidths (spontaneous decays) in-
volved are introduced via the appropriately cho-
sen Lindblad super-operators[6], while the injected
noise f(t) is introduced explicitly in the Hamilto-
nian. The latter is treated within the Rotating
Wave Approximation (RWA). We compute the re-
duced density-matrix averaged over the noise f(t).
This could be carried out here in a closed form
by assuming the injected noise to be a Gaussian
White Noise (GWN), and using the well-known
Novikov theorem[7]. The latter holds for averaging
an arbitrary functional of the gaussian white noise.
The physical quantities of interest are then calcu-
lated in terms of this noise-averaged density matrix.
Our main results are a quantitative reduction and
broadening of the EIT with increasing strength of
the injected noise, and a reduction in the slowing
down of the group velocity of the probe light.
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The atomic-level scheme
The atomic-level scheme considered here is as in
a typical EIT experiment shown schematically in
Figure 1. It involves a manifold of three energy
levels {|1〉, |2〉, |3〉} with the respective energies
E1 = ~ω1, E2 = ~ω2, and E3 = ~ω3, connected in
the Λ–configuration with E1 < E2 < E3. Such a
Λ–EIT scheme is possible, e.g., in the D2-line tran-
sitions of 85Rb vapor[8,9] with |1〉 ≡ 52S1/2 : F = 2,
|2〉 ≡ 52S1/2 : F = 3, and |3〉 ≡ 52P3/2 : F′ = 3. As
follows from the selection rules, in a Λ scheme, the
transition (here |1〉 ↔ |2〉) between the ground and
the intermediate state is necessarily an electric–
dipole forbidden transition, since the other two
transitions involved are electric–dipole allowed. It
can, however, be, e.g., an electric-quadrupole al-
lowed transition, much as in the case of a con-
trolling microwave field used in the recent EIT–
experiment in rubidium vapor system by Hebin Li.,
et al.[10]. A novel feature of the present work is a
noise field f(t) injected externally at the transition
|1〉 ↔ |2〉.
Ωp
ωp
Ωc
ωc
|2〉
|3〉
|1〉
Electric dipole
forbidden
}∆Γ1 Γ2
f(t)
Figure 1: EIT scheme of Λ-type three–level system
perturbed by an externally injected noise f(t).
In a standard EIT experiment, the absorp-
tion of the probe beam is studied as function of
its detuning while the coupling laser is kept at
resonance[2]. Accordingly, here the probe laser is
detuned off–resonance by an amount ∆ from the
transition |1〉 → |3〉 which is being probed, i.e.,
~ωp = E3 − E1 − ~∆, where ωp and Ωp are, re-
spectively, the frequency and the associated Rabi-
frequency of the probe laser. A strong coupling
laser beam is applied and kept at resonance to the
transition |2〉 ↔ |3〉, with ~ωc = E3 − E2, where ωc
and Ωc are, respectively, the frequency and the as-
sociated Rabi frequency of the coupling laser. Fur-
ther, Γ1 and Γ2 denote the rates of spontaneous
decay of the excited level |3〉 to the ground level |1〉
and to the intermediate level |2〉 respectively.
The Hamiltonian and RWA
The full Hamiltonian H (t) of the EIT system here
corresponds essentially to the case of a three–level
system being acted upon by two optical fields in
the so-called semi-classical approximation, but now
with an extra feature, namely, a term f(t) corre-
sponding to the injected noise. More explicitly, we
have
H (t) = ~ω1|1〉〈1|+ ~ω2|2〉〈2|+ ~ω3|3〉〈3|
− ~Ωp(e−iωpt + eiωpt) (|3〉〈1|+ |1〉〈3|)
− ~Ωc(e−iωct + eiωct) (|3〉〈2|+ |2〉〈3|)
− ~f(t) (|1〉〈2|+ |2〉〈1|) .
(1)
Let
H (t) ≡ H0 +H1(t)
with
H0 = −~ωp|1〉〈1| − ~ωc|2〉〈2| , (2)
and
H1(t) = ~ (ω1 + ωp) |1〉〈1| + ~ (ω2 + ωc) |2〉〈2|
+ ~ω3 |3〉〈3| − ~f(t) (|1〉〈2|+ |2〉〈1|)
− ~Ωp(e−iωpt + eiωpt) (|3〉〈1|+ |1〉〈3|)
− ~Ωc(e−iωct + eiωct) (|3〉〈2|+ |2〉〈3|) .
(3)
We now proceed to the interaction(I) picture with
the corresponding Hamiltonian HI(t) given by
HI(t) = e
iH0t/~H1(t)e
−iH0t/~. (4)
In the Rotating Wave Approximation (RWA)
(i.e., neglecting the rapidly oscillating terms
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proportional to e±2iωct and e±2iωpt), we obtain
HI(t) =− ~f(t)
(
e−iωµt|1〉〈2|+ eiωµt|2〉〈1|)
− ~Ωp(|3〉〈1|+ |1〉〈3|)− ~Ωc(|3〉〈2|+ |2〉〈3|)
+ ~ (ω1 + ωp) |1〉〈1| + ~ (ω2 + ωc) |2〉〈2|
+ ~ω3|3〉〈3|
(5)
with ωµ ≡ ω2 − ω1 −∆.
Hereinafter, we will use the interaction-picture
Hamiltonian HI(t), but drop the subscript I for
convenience.
Lindblad EoMs
With this, the master equation of motion for the
density matrix ρ(t) is
ρ˙(t) = − i
~
[H (t), ρ(t)]− Λ̂ρ(t), (6)
where we have introduced the Linblad super-
operator Λ̂, given in the diagonal form as
Λ̂ρ ≡
∑
j=1,2
Γj
(
L†jLjρ+ ρL
†
jLj − 2LjρL†j
)
. (7)
Here Γ1 and Γ2 are the rates of spontaneous decays
|3〉 → |1〉 and |3〉 → |2〉 respectively. The Lindblad
operators L1 and L2 are chosen appropriately so as
to describe the spontaneous decays as[6]:
L1 = |1〉〈3|, (8)
L2 = |2〉〈3|. (9)
As is known well, a Lindblad master equation de-
scribes the non-unitary evolution of the density ma-
trix preserving the trace condition without violat-
ing its complete positivity and hermiticity for all
initial conditions[6].
Substituting from eqs.(5,7) into eq.(6), we obtain
−i ρ˙
11
(t) = f(t)
(
e−iωµtρ
21
(t)− eiωµtρ
12
(t)
)
+ Ωp(ρ31(t)− ρ13(t))− iΓ1ρ33(t),
(10)
−i ρ˙22(t) = f(t)
(
eiωµtρ12(t)− e−iωµtρ21(t)
)
+ Ωc(ρ32(t)− ρ23(t))− iΓ2ρ33(t),
(11)
−i ρ˙
12
(t) = ∆ ρ
12
(t) + Ωpρ32(t)− Ωcρ13(t)
+ f(t)e−iωµt(ρ
22
(t)− ρ
11
(t)),
(12)
−i ρ˙
13
(t) = f(t)e−iωµtρ
23
(t)− Ωcρ12(t)
+ Ωp(ρ33(t)− ρ11(t))
+
(
∆ + i
Γ
1
+ Γ
2
2
)
ρ13(t),
(13)
−i ρ˙
23
(t) = i
Γ1 + Γ2
2
ρ
23
(t) + f(t)eiωµtρ
13
(t)
+ Ωc (ρ33(t)− ρ22(t))− Ωpρ12(t),
(14)
along with the trace condition Trρ = 1 and the
hermiticity condition ρ† = ρ.
Averaging the EoMs over noise
Now, the density matrix ρ(t) is a functional of the
noise f(t) occurring in eqs. (10-14), and, there-
fore, it must be averaged over all the realizations of
f(t). For this, we have taken the noise f(t) to be a
Guassian White Noise (GWN), i.e.,
〈f(t)f(t′)〉
f
= f20 δ(t− t′), (15)
where f20 , having the dimension of frequency, is a
measure of the strength of the noise f(t) (much
like the Rabi frequency Ω, which is a measure of
the strength of the a laser field). For this, we make
use of the Novikov theorem[] giving
〈 f(t) ρ[f(t)] 〉
f
=
∫ t
−∞
dt′ 〈f(t)f(t′)〉
f
〈
δρ[f(t′)]
δf(t)
〉
f
=
f20
2
〈
δρ[f(t)]
δf(t)
〉
f
.
(16)
Straightforward functional differentiation of
eqs.(10-14) w.r.t. f(t) and using eq.(16), we obtain,
within RWA (this time neglecting the rapidly oscil-
lating terms proportional to e±2iωµt), a closed set
of equations for the noise-averaged density matrix
elements
〈
ρij (t)
〉
f
(≡ σij (t) for typographic conve-
nience) as follows :
−i σ˙11(t) = Ωp(σ31(t)− σ13(t))− iΓ1σ33(t)
− if20 (σ22(t)− σ11(t)) ,
(17)
3
−i σ˙
22
(t) = Ωc(σ32(t)− σ23(t))− iΓ2σ33(t)
+ if20 (σ22(t)− σ11(t)) ,
(18)
−i σ˙
12
(t) =
(
∆ + if20
)
σ
12
(t) + Ωpσ32(t)
− Ωcσ13(t),
(19)
−i σ˙13(t) =− Ωcσ12(t) + Ωp(σ33(t)− σ11(t))
+
(
∆ + i
f20 + Γ1 + Γ2
2
)
σ13(t),
(20)
−i σ˙
23
(t) = Ωc (σ33(t)− σ22(t))− Ωpσ12(t)
+ i
(
f20 + Γ1 + Γ2
2
)
σ
23
(t).
(21)
These linear first-order differential equations,
along with the trace condition Trσ = 1 and the
hermiticity condition σ† = σ, are now solved nu-
merically in the steady state (i.e., σ˙(t) = 0) so as
to calculate the physical quantities of interest, as
described below.
Results
The absorption coefficient of the probe light in a
dilute gaseous medium can be expressed in terms
of the density matrix as [5]
α(∆,Ωc, f
2
0 ) =
1
λp
Nλ30pi
(Ωp/Γ)
Im
[
σ
31
(∆,Ωc, f
2
0 )
]
,
(22)
where, N is the atomic number density of the
medium, λp is the wavelength of the probe light
at a detuning ∆, and λ0 =
c
(ω3−ω1) is the wave-
length at the corresponding resonance. Also, we
have set Γ2 = 0 (which is in fact a good approxima-
tion for most of the practical Λ-type EIT systems),
and Γ1 ≡ Γ. The corresponding real part of the
refractive index can be expressed in terms of the
various parameters involved[5] as
n
R
(∆,Ωc, f
2
0 ) = 1 +
Nλ30pi
(Ωp/Γ)
Re
[
σ
31
(∆,Ωc, f
2
0 )
]
.
(23)
The associated group velocity of the probe light
in the medium concerned can be conveniently ex-
pressed as[5]:
Vg(∆,Ωc, f
2
0 ) =
c
nR(∆,Ωc, f20 )− ωp dnRd∆
. (24)
In the following Figures 2-6, we have plot-
ted these various physical quantities of interest
(α , n
R
and Vg), calculated as functions of the
parameters involved (i.e., the probe-detuning ∆/Γ,
the coupling strength Ωc/Γ, and the strength of
noise f20 /Γ). For this, we have used the following
set of parameter values appropriate to the EIT-
medium, 85Rb vapuor[8,9] :
N = 1018 atoms per m3,
λ0 = 780nm,
(Ωc/Γ) = 1,
(Ωp/Γ) = 0.001,
(f20 /Γ) = {0, 0.7, 1.6},
Γ = 5MHz.
Figure 2: Absorption(arb. units) of probe light plotted
against the detuning (∆/Γ) for different values of the
strength of noise (f20 /Γ).
Figure 3: Absorption(arb. units) of probe light at and
near resonance, plotted against the strength of noise
(f20 /Γ).
From Figure 2, it can be readily seen, as expected
for pure EIT (without noise), that the absorption
of the probe light beam increases with detuning
(∆/Γ), for small values of the detuning.
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With the increasing strength of the noise (f20 /Γ),
however, the absorption as well as its spectral width
increases. Overall, the effect of noise is more pro-
nounced within the EIT window, and much less so
outside the window, as clearly seen in Figure 3.
Figure 4: Real part of the refractive index (nR) plotted
against the detuning (∆/Γ), for different values of the
strength of noise (f20 /Γ).
Figure 4 gives specifically the variation of the
real part of the refractive index (n
R
) as function
of detuning in the anomalous regime of dispersion,
within the EIT window. There is a pronounced de-
crease in the variation of n
R
across the EIT window
with the increasing strength of noise.
Now we come to the effect of noise on the group
velocity of the probe light beam across the EIT
window. This has an important bearing on the phe-
nomenon of slow light associated with the EIT.
Figure 5: Group velocity (Vg m/s) of the probe light
in the medium, plotted against the detuning (∆/Γ), for
different values of the strength of noise (f20 /Γ).
Figure 6: Group velocity (Vg m/s) of the probe light
in the medium at and near resonance, plotted against
the strength of noise (f20 /Γ).
The overall effect of the noise is to reduce the
slowing down of light beam as can be seen from the
Figure 5. Thus, e.g., Vg = 0.52ms
−1 for zero noise
and zero detuning). Figure 6 resolves the finer fea-
tures of the effect of the noise on the group velocity
at and near the resonance (i.e., ∆/Γ = 0, 0.25).
Finally, a few words are in order to explain how
the injected noise enters the physics of the EIT. Ba-
sically, the injected noise is transfered by the cou-
pling laser beam into the excited level |1〉, giving
rise to two related effects : First, it reduces (de-
phases) the interference effects responsible for the
EIT itself; and secondly, it broadens the excited en-
ergy level|1〉. These effects in turn reduce the depth
of the EIT window while enhancing its width. This
transfer effect is seen to be reflected in Figure 7.
Figure 7: Contour-plot of constant absorption coeffi-
cient (α) in the (Ωc/Γ) − (f20 /Γ) plane. The labels on
contours indicate the α values (in arbitrary units)
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